SEQUENCES AND SERIES

QUICK CONCEFPT REVIEW

Definition

An arrangement of numbers < 2, k.., x5, = according to definite rule or a set of rules
iz called a Seguence. The various numbers ocourring in & sequence are called its terms. The nth
term of the sequence is denoted by x. The nt term is also called the General Term of the sequence.

For exampls,

1. The numbers {1, 4, 5, 16,....) represent a sequence written according to the rule x, = 1,
ne M

fe
i , e N
n+1

3. The numbers <1, 3, 5, 7,....> represent a sequence written according to the rule x, = 2 —
l, e N

4 The numbers <1, 3, 7, 13, 21, = represent a sequence written according to the rule x, = Re
+1,ne N

b, The numhers (1, 1, 2, 3, b, &,.....) represent a sequence written according to the following
setofrulesx, =%, =1, 2, =2, +x, . n >3 ne N This sequence of numbers is called
the Fibonacci sequence.

6  The number (1.4, 1,41, 1,414 14143 ) represent a sequence of successive approzimations
to the irrational number 8

7. The numbers (2.5, 230, 2.30%, 2.30&h,...) represent a sequence of successive approzimations
to the irrational number log, 10,

8  The numbers {2, 3, b, 7, 11, 13, ) represent a sequence of prime numbers. In every
saquence it is not always possible to write a specific formula as in examples (&), (7) and (33
Sequence as a Function on the Set of Natural Numbers

“We may define a sequence as a function whose domain is some subset of set of natural

numbers IV of the type {1, &, 3,...n} = ¥ (say) to other set of number ¥. f: ¥ = ¥
O The ordered szet of images in ¥ given by {f1), A2), A3 _fin)} iz the sequence
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O Bequence containing finite number of terms is called a Finite Sequence and it iz Infinite
Bequence if contains infinite number of terms

O In theshove function representation, the sequence {13, £2), A3),..} is called a Eeal Sequence
iftY =R, t.e, fil), A2), A3 are real numbers and it is called a Complex Sequence if ¥ =
C, e, fil), f2), £3),.. are complex numbers. The terms of the sequence fl), A2), A3 . are

respectively called the first term, second term, third term and alternatively may be denoted
by Ey, Hg Koo ar 31, 32, 3.& ......... OF &y, by, Clgooooon ete
Methods of Describing A Sequence

) A sequence may be described by writing first few terms till the rule for writing down the
other terms is evident.

@it) A sequence may be described by giving a formula for its general term (the sth term)

(iif) A sequence may be described by specifying first few terms and a formula (or a set of
formulae) giving a relation between successive terms. Such a formula is called Eecursive
Formula (or Becurrence Relation) see the example 5.

(i) Bome sequences may not be described by any rule

Series

If {m ) = (%, &g %q...} i5 & sequence, then the expression &, +x, +x; +... iz called the Beries
aszociated with the given sequence
Progression

A sequence is said to be a Progression if its terms numerically increase {(or numerically
decrease) continuously.
1. Arithmetic Progression (A.P.)

The sequence (&, &y, #;.... Kogevor Y iz called an arithmetic progression (& F) if

In general &, — x, = constant (say, ) n € N (the difference of successive term is constant)
The constant difference & is called the common difference of the AP If the first term ) of the
AP be taken @ Then the standard form of AP is=a, a +d, a + 24, =
Forrmuila for General Tamn of an AP,

The nt* term of the AP, written in standard form is given by g, =atmp-11d rnelN

Forrruila for Sum to n Terms of an AP,

The sum to first = terms of the Arithmetic series e + (o +d) + (o + 24 +. {a +(n - 1)d} is
given hy

2, = %[2a+(n—l]d:| =%[J:1 + &, |

n
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IMP ORTANT CHARACTERISTIC OF AP.

—

=08, —-3, n>landx =5

2. Ifnt term of any sequence is a linear in m, then the sequence is an AF. If i, is of the form
An + B, then the common difference is A

3. Ifsum of » terms of any sequence is guadratic in re of the form An® +Br then the sequence
is an AP and the common difference is 24

4 Tf =iy, iy kg, x,> iz an AP Then
() mt term x, iz called the last term of AF. and denoted by [ also,
B ox ti, =k ta, =

That iz the sum of terme equidistant from beginning and end s onstant

@) (o Tk xyxh xz k... )iz an AP, where & iz constant

() (R, Ry, kg v iz an AF., where & iz non zero constant
T Xy X

(e} a7 iz an A F, where & is non-zero constant.
E k Ek

3] Ty By By > iz an AF for any p and g.

gy The &® term form end of an AP. = (r +1 — &)t term from beginning = a +(n — kid.
Alternate, A term from end of an AP, =1 +(k — 1) (—d), where { is the last term.

Ry o=, = w,where D=k=n-m

=k F oy, Ky Tty Ky ty..>isan AP
Sy — ¥ Ky = ¥o Xy — ¥p...= iz an AP
6. If three terms to be selected in AP, choose them o —d, o, o +d.
7. If four terms to be selected in AF, choose thema - 34, a—d, o +4, o + 34

Three numhers @, &, care in AP if and only ifb —a =c - b, ie, if and only if & + 2 =25,

Arithmetic Mean (ADM) of two Terms a and &

+ &
Ifa, A barein AP then A is called Arithmetic Mean of numbers @ and b, we get & = £

Inserting n Arithmetic Means between two Termms o and b
Let A, A, A, A he such that o, AL A, A B iz AP

E-a

Clearly b=z, =a+[(n+23)-1]d = d =
= = o+ 1
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Thus the » arithmetic means hetween o and & are as follow

e a(h —
g a’,}l2 =g+ 2d =c+ Q

Ay =ag+d=a+

+1 n+1
n(e-)
by me+nd =g+ ——
o+ 1
F g At
We have A + A+ ... + A, =n a,;b
\ J

That is, Bum of » AM. terms between a and » = X ALM of @ and &.

2. Geometric Progression (G.P.)

The sequence =x;, X, Ly...&,..... = is called a geometric progression (3P if
x x ;
A N e where none of x,, &, %, is zero.
1 *3 “n—1
In general 22l — ponstant (say, ), e N [The ratio of successive terms is constant].
g

The constant ratio r is called the common ratio of the G.F. If the first term x; of the GP. he
taken as g, then the standard form of GF. iz =a, ar, ort,. =

Formule for General Term of a G.P.

The nt* term of the GF. written in standard form iz given by &, = ar*l ne N

Forrmuila for Sum of n Termm of a GL.P.
The sum of first » terms of the geometric series o +ar + rf + ... + ar+l iz given by
a,(l - r”'.] " — -:L(r” —1.] " ;
=—* if|r|< 1 an =——* if |r] >
” 1-r I * r-1 I
Note
1. Whenr =15 =atatat+ upto m terms = ra.

5 TEEigihe last term of the &P, fhen 8 =1 ‘la’, r#l
;r‘ p—

Formula for the Swmn of Infinite Terms of a G.P.

[

If |r| =1, the sum of infinite terms () of the 3P, & +ar +ar® +._ to infinity is 8 = T

IMPORTANT CHARACTERISTICS OF G.P.

1. Moterm of a GF. can be zero

2 x,=5,-08_,n=1andxy =8,
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3 If<my, oy g x,= iz G. P of n terms, then
log)  wpk, kg0, 4 = ...
That iz the product of terms equidistant from beginning and end s constont
By =k xgk, wpk =isa GF

@ <x1 B e } isa GP, k#0

k' RR
(el xlk, .xg,.xg ....... = iz a GF
() <i,1—,i, ______ > )
X Ly Xy

gy Ly Byrg Kpaggr T 15 8 G P for any p and g

@) The & term from endof a GP. = +1 - &) term from beginning =ar~* Alternate,
B-1
Fl y

kY term from end of a GF. = . where [ iz the last term.

.

(h) |xm| H Im_k-xm+j,,0 Sk sn-m
4 Tf=my, &y kg = and =y, ¥y ¥aooo be two different GP's then <wyv, xpv, agy,. = and

X Xy X
—lJ —2, —EJ ......... are (3P s
M My
b, If<x, &y &> is a G of positive terms then < log &y, log«,, log &= is an AP, and
vice versa.
6 If=x,, xy %;..>=is an AP then < af,a% a5, .. > isa@F forsomea=0 a1

T If three terms to be selacted in G F. choose them EJEL ar.
r

3. If four terms to be selected in 3. F. chooze then %, g,w, ar®,
rioor

8  Three numbers &, b, ¢ are in 3 F if and only if P % or if and only if 52 = a.n
r:r

Gearnetric Mean (GM.) of two Terms a and b
If & GF (= and & are positive), then & iz the Geometric Mean of numbers & and b

We get G4 = Ja_b
Inserting n Geaneatric Mean hettveen two Termis a and b
Let @ and b be positive numbers. Let G, Gy, (3, be such that o, G|, Gy, G . bizaGF

1

Then b = %, = ar®” =:-r=|—
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Thus the m geometric means hetween o and b are as follows

1 2 "
- =R -ar
Glzar:a,L—]m;G2=w2=aL—m;Gn=w”=a—m
@ a ) o)
We have, Gy(,Gy..... G, = (ab [T = (V&b) = o

That is Product of # geometric mean terms between & and & = #® power of G.M
between a and b
Arithmetico-Geometric Sequence

Consider an AP (=, a +d o +24,..... Y

Consider a GP. (&, br, bré Y

If a sequence is formed by multiplying the corresponding terms of above two sequences we get

{oh, (@ +dbr (o +24) Bre )

This sequence is called an arithmetico-geometric sequence (A G50

The general term of this sequence is given by x, = [a + (r — 1)d] bl

Summation of # Term of an AG.S.
Let 8, =ab +(z +d) br+{o+2d) br2 +. +[a + R - 1)d] bt
rS,=abr+tiatd bt A Hatin-2d b+ o+ (- 1d] B
Subtract, (1 — ) 5, = ab + [dbr + dbr? + bl [ - 1) d] B

dhr El et ]

(1-r)8, =ab + - '—[a+(n—1]d]br”

5. - s +dbr(1 —r:"l:] B [a+(n—1]d]br”‘
1-r (1-r) 1-r

Summation of Infinite Terms of an A.G.S.

If |r| = 1, then the sum 3 of infinite terms of the AG S given in standard from can he
ohtained as following

o abr(1-"") Jas (n-1)d)erd

8 =Lim3, = Li
nimm » nl;mm 1-1r “7_?.]2 et
i i + dbrz[Limr” =U,if|r|<|]
1-r (1_;,:-] H—pea

Sum to »n Terms of Special Sequences

1. Bum of first = natural numhbers

1 M=
]
I}
=
1l
o
+
it}
+
[alk]
+
+
=
I
o
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Bum of squares of the first ® natural numbers

L lj(2n +1
2r2:zn2:12+22+82+ ...... +n2:n(n+ é(n+]

=1

Sum of cubes of the first » natural numhers

r=1
Sum of sequences using sigma natation
If a sequence is characterized by <w,> Then 5, =x, ta, .. +ix, =Xk
If the general term x, is given hy
x, = an® +hnf +md +d +FB0 where a, b, o, d, k& are constants
Then 85, = Zx, = o +irf + o +d +EY
aIn® +bIn? + In +4E1 + Ik®

a|:n(n+1]]2+b nlr+1)(2n+1)| |:n|{n+1]J
2

5 [ +
The last bracket being 2 G.F. whose sum can be found using standard formula

+c£n+(k+k2+k3+....+kn:]

Difference Series : Consider 5 =) +x, tay + o tu andlet e —x , =1,

B=m tay ot ot M

[o]
|
Kol
+
K
+

D= + ey —a) + ey -+ +ix, —x ] -x%,
=x =ttt ot I=2x =x +5
Where 8, ; is the sum of series §#y + ¢, +...%, 4} which is AP or GP

Hence x, may by evaluated and then the sum 3 may be caleulated by 8 = E H
Method of Difference
Consider the series 3, =& + &, tx; t..tx,
Ruppose the general term x, can be expressed as x, = fik) — fik = 1.
Then by putting £ =1, 2, 3....n we get
B, =& tay tug £+,
=L P PR (1 R (W Pl ok BT ) —filmes 1y
=fim) - fi
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or B, =f-f@A+f@A-F@A+fO-FEH+ +fR-Ffr+1)
=Sfill-firn+1)
Hence, the desired sum can be obtained by putting the values of £ (®) and £{0) or f (1) and
fint+tl
ILLUSTRATIVE EXAMPLES
1. The sum to infinite terms of the series 1 +(1 +Byr + (1 +b +53 ¥ + ... ;b oandr are
proper fractions is
) ® T
@ T AR5 [~} —F)
1
[ty m () none of these
Sol. [See the Difference Series)
LetS3=14+0+mr+{+b+50r2+. .
Sr=r+(1+5)r% 4+ .
Bl-rj=1+br+ BoE to infinity
Bl — = s
b=~ S
_ AR Mgl 9ol gl _
2. The sum of the following series T + Ty + LA E + o upto 16 terms is
@) 464 &) 444
ey 4bZ o) 444
3 3 3 3
Sol. Here, #, = 1425 3% R
1+3+5+ ... .tor terms
n? (n Ay 2
51 4 _nz(n+1] _n2+2n+1
= = . =
2{2+f-1)x2) tn =
= ExH%ZnF -+ %Zn+%£1
. E.n(n+1](2n+l] i 1_.nl:n+1] £ s
4 5 2 2 4
B = 1—.16'17'33 + 1—.16'17 + 1—.16 = 448
4 & 2 2 4
3. If ) and z, are two fixed points then locus of 2 satisfying |z — 2| = |2 — 2] is the

perpendicular bisector of the segment joining Alz) and Blg,)

=1
B

Maths



4  The complex equation |z — z| + |z — 25| = 22 where 20 > |5 — 2|, '@’ is positive real
number represents ellipse in complex plane, 2 and z, are affices of two ellipse. If 40 =
|z — |, then |z — % | + |z — x| represents the line segment joining z; and =,

If 80 =2 — 24|, then the equation does not represent any curve
b The complex equation ||z — & |—|.21 - & || = 2awhers 2z <|z; — z,|, and ‘&’ is positive real

number, represents a hyperbola in complex plane; 2z, and &, are affices of twa foci of hyperbola.

If 2a = |zl — &y, ||z -7 |—|z — || = 2o represents the straight line joining Az} and Blz,)
but excluding the segment AB.
— e —
Alfzy) Biz)
- &

= K represents a circle if K # 1 and a straight line if K =1

6. The com plex rguation

- 22
1
T The complex equation |z — zll2 + |z -z 2= K represents a circle if K = = |zl — Zy |2 . E
a real number.

8. Let x and xz, be two fized points and o he a real number such that 0 £ o < n then

I Y
2 -z n . .

: | =o, 0<o<moz g represents a segment of the circle passing
A

(o) arg
\E = 2

through Az} and Biz,).

B A

&) arg

i/
i ] = % represent a cirele with diameter as the segment Afz) and Bz,
L2 &
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)] arg| | J = 0 represents the line segment joining Alz,) and Blz,)
,\z — &g
Ao— B
i P h
(e arg A |=n represents the straight line joining Afz) and Biz,) but excluding
L& — Za )

the segment AR

A B

QUESTIONS FOR TEACHERS

1. The P+R, 9% and rth terms of an AP are respectively x, v and z then the wvalue of x (8
-ty r-ptzip-0is
) x+vy+a Bl ptgtr
() px + 8y +rz e 0

2. Ifm arithmetic means are inserted between 1 and 31 so that the ratio of the T and @n —
1% means is B¢ 9, then the value of m is

(e 8 by 11
(e 11 (@) 14

3. If8, 5, 5., Sp are the sums of infinite geometric series whose first terms are 1, 2, 3,

111 1

p and whose common ratios are 5r3 T m

Bt

respectively. Then 5, + 5, +35; ..+

'n
() ple+1) &) rlp+3)
2 2
@ p @ £
4 Ifa b, carein AP and x, v, z are in GF. then what is the value of xbe, yoe g2
@) 1 (B] =l
@ 0 d) 2
B, If the non-zero numbers x v, z are in AP and tanz tanly, tanz are also in AF then
@ z=y==z &) xy =y
(&) %t =3z () 2 =xy
. 3 3] T .
8. The sum to n terms of the series b e 5 i
1 1° + 2 1 +2°+ 3
(@) 9n (b an
n+1 n+l
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@ 9 @ 12n
n+1 n+1

T8, =np+ g(n —1)8, where 3, denotes the sum of the first 2 terms of an AP, then the

common difference is

iy P+@ by 2P + 33
@ Q @ Q-F
8 The value of 0423 is
419 419
g s By e
(@) 859 ® 880
423
SR d) I
() e (e one
8  The sum of » terms of the series ]E+ §+ %+ % + o is
@ F-m-1 B 1 -2
e nt+27-1 dy -1
10, The product of » geometric means between two given nwmbers & and b is
@ @by ®) (ab]”
@ (ab)™ @ (ab)™

HINTS AND ANSWERS (for Teachers)

1) z=pthterm =a+(p-114d
y=080thterm =a+ (8 -114
z=rthterm =a +(r-114

then proceeds :

2(d) -0
ag £lets)
2
Here 8 = —— = & =
1-7r l—l
5 2
52=1—1=3 ...... Sp=p+1
3
d
B+ 8+ +Sp=%|{2+p+1)=p(j’92+)
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4(x)

5.()

8.5

Tz

2.()

1
Hrnt: Ifa, b carein AP =25 =a +te
s.pow arein GP = 32 = xz
then axbeqyee gof = 200 = 1
x=yv=z
Hirt © x v, zare in AF.
= dv=x+z i)
tanlz tan~lv, tanTzare in AF.

= 2 tanly = tanlz + tanlz

i %

= tan! 2y2J=tan'1[x+zJ

.‘1—_‘}‘ 1 - ez
ﬂz—yzuzil—f:l—xz

]__}.12 1 — x2
=yizgz= 4y, zaeindP (i)

From () and (i), we getx =% =z

gr
n+l
Hint @ Tr = — §r+1 2:5{1__ 1 ]
1%+ 2% + . +r ror+1}
i noy N
. 1 1 are
B0 required sum = Tro=a Sl J:
< ;:; E\r r+1 o+l

(] Let an be the v term of the AP, then
an =5 -5, =FP=mr-1)Q

S CD=a —a, , =Q

4119
Bo0

Hing : 5 = 0,425 then

o = 042325232325,
=04+ 0025 + 000023
=04 +23x 1079 + 23 % 1078 +.

23 x107° 4189

i .,
T1-10°¢  BB0
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8 n+27m-1

Hint Sum=|1—£|+|1—1—|+|1—1—|+|l—1— + ... + 7 terms
\ 4/ 104 8/ \ 16
1 l_in]
=r-=- 2’=n—1+2'”L
2 1_3
4
10.B) (ab)z
QUESTIONS FOR STUDENTS
n 1}
DI NE
|
() nirn+1)(2n+1) ®) nin+1)
g 4
{ 72y
@ nin+1) ‘ @ nln+l)(n+2)
2 | ]
2 InaGPF the(p + g™ term is a and (p — )™ term is b, then the p™ term is
ey atb B a-h
@ b (&) b
. a,2af 1 1 17
g If abe are in GF. then ab%e e
\ G b b
) a® +5% + 48 by a?* k42
@ at+h+e W ab +he e

4 If one geometric mean G and two arithmetic means @ and g be inserted bhetween two
numbers, then G2 iz egual to

(@ (dp - q) (G - &) (B) (dp-q) (2p - p)
(£ (4p—q) (dg —p) (#) None
B, If the g™ term of an AP is ¢ and the 9% term is 7y then its (p + gt term is
@) ptag ) ptgtl
@ ptg-1 @) 0

6. The ratio of the sum of » terms of two AP s is (3n — 13) ; (Bre + 21). then ratio of 24 terms
of the two progression is

(@) 1:2 &) 2:3
gy d:0 @ 7:11

=1
=1
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T

10.

11.

12.

13.

If @y, ay, qq.., an in AP where a; = 0 for all £ then
1

n+1 o

& ¥ e
@ 0

100™ terms of the series 1 +3 +7 + 16 +.... is

ey 2% -1 by 2E0_1

{gy 2W00_1 dy 235 _ 1
If  and ¢ are positive real numbers such that p? + g% = 1, then the maxzimum wvalue of
p+q) is

@ L ® %
@ J2 (&) 2

In a geometric progression consisting of positive terms, each term equals the sum of the
next two terms. Then the common ratio of its progression equals

1 ;
(@ B ®) 5(\,’5_1_]
1 \ 1 '
@ [ -+8) @ g(F+1)
2
Let @y, &y, @5.....be terms of AP If o e i p_2 p # g then i equals
o +dg + ...+ Gy g Q;2]_
Gy Ak @ T
11 2
2 11
foll s o
= T ) 41

If » = Za,", y = Zb”‘,g = zc"wherea,, b, carein AF and |e| =1, |B]| =1, || =
o n=0

n= n=0
1 then x, v, z are in

o AP & GP
{gy  Arithmetic-Geometric progression (o) None

Ifin AF the p + & term is 2 and ¢ + A& term is 1— then the sum of pg terms is
g =

(@) @ Li1l
& g

1
Far)

Maths
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14

15

14.

17

18.

19.

20.

1 lx +1
(=) (p+q]_p+qi () qu
logi p 1
If L, w1, » are the g, g and v® term of a QP all positive then |logm g 1] =
logrn r 1
@ -1 B) 0
@ 1 (&) 2

2

Suppose @, b, carein AP and a? B2 ALarein GP fa<b<cand a+b+co = g then

the wvalue of o is

1 1 1 1
@ 3-F ® 7 F
1 1
I a"’ O
(e} o5 () o2
An infinite GP. has first term %' and sum & then x belongs to
o x=-—10 By —10=10
) =x=10 () MNone of these
1 1 1 . ; 2
If a = i —— arein AP then the expression oy, g +omgy ...t a, | o is equal to
2 n
(eg)  rely — ) ) (= 1) (o — 2,
@ noyan @ m-1) e,

If in a series 3, = an® + b + o, where A, denotes the sum of n terms, then
() The series iz always arithmetic
(#) The series iz arithmetic from the second term onwards.
()  The series may or may not be arithmetic

()  The series cannot be arithmetic.

n 3n L n 3n|
@ {57 » {5
n Zn L n bn L
E e il
© {3 3 | @ {6 6 |
IE5, 8y 55 o, are the sum of infinite geometric series whose first terms are 1, &, 3.,
1 1 1 1

n and whose common ratio are respectively, then wvalue of

234+l
Sf‘ - Sg + Sg + .+ S%n-l is equal to
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21

22,

23.

24

2h.

26.

27,

28.

(@) %[n(2n+1](4n+lj—3] ) %[n(h+1](4ﬂ+1]+8:|
© %[n(ﬁn—l]l{4n+l]—3:| @ %[n(h+l]l{4ﬂ—l]—3:|
The 20t terms of the series 2 +3 + 85 + 9 + 18 +_._is

(@) 950 ) 975

(2} 990 (@) 1010

(666....8]2+ (B8 8) iz equal to
n-digita n—digita

4 n | 4 n |
@ glo"-1) ®) oo™ -1
4 " ye 4 n ]
) 5(10 -1 () g(m +1)
If 2z v, zare in GF and 2° =& =2 then
(@) log®= logr® (B lugj’ = log *
(&) log?*= log? () MNone
The sum of » terms of the series 1 +{1 +3)+(1 +3 +5) +. s
nin +1) &
2
nir+1)(8r+1) n(n+1)

(=)

. @

Ife, v zarep +h g +hand r + A terms respectively of an AP and also of GF. then
2% ¥ iz equal to

(@) xyz ®) 0
@ 1 @ -1
It A and G be the AM. and G M. respectively between two members then the numbers are
(@ A ++aF_af &) A+ Jaf Gt
@ AxJaZia? @ G+a2_a?

If the interior angles of a polygon are in A P with common difference 5* and smallest angle
is 120°, then the number of sides of the polygon is

Gy 9o l6 ®) 9
@ 18 @ 13

If the roots of the cubic equation ax® + b2 + ax +d = 0 are in GF. then
() efn = k% (b1 end = bl
() o =pfd () ab® =odt
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29 The sum of all possible products of the first » natural numbers taken two by two is

() 21—4nl:n+1]|:n—1](3n+2] by nin+l)(2n+ 2)
5
(e nin+l)(n-1)(2r+3) () MNMaone of these
24
30, If3=1+a+a®+ . toe (@ <1) then the value of @ is
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